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!'_ Longitudinal equilibrium



Exercise 1 : Weight transfer

= A cyclist goes down a road at 10° and he is braking.

= What is the maximum deceleration rate that he can apply before
passing over his handlebar?

m = 80 kg
h =0.90 m
b=0.625 m

c=0.375m




i Exercise 1 : Weight transfer

= Equilibrium equations

ZFm = —(Fa + Fp) +mgsinf = —mj|al
ZFZ = Njs+ Np = mgcosb
Y M(CG)=0 Na-b—Np-c—Fa-h—Fpg-h=0



Exercise 1 : Weight transfer

= Solving for N, using vertical equilibrium

Njp=mgcosf — Np

= Inserting into the rotation equilibrium

NA'b—NB-C—FA'h—FB'h:O

(mgcos® — Ng)b— Ng-c— (Fa+ Fg)-h=0

= The value of the braking force is
given by the longitudinal equation

—(Fa + Fp) = —m|a|l — mgsiné



Exercise 1 : Weight transfer

= Substituting into the vertical equation,

(mgcos® — Ng)b— Ng-c— (Fa+ Fg)-h=0

—(Fa + Fg) = —mlal] — mgsin @

s It comes

b-mgcost — Np (b+c) = (m|a] + mg sinf) - h

Np =b/L-mgcosf — (m|a] + mg sinf) - h/L




Exercise 1 : Weight transfer

= The biker will pass over his handlebar if
Np =0

= Which yields
Np =b/L-mgcosf — (ml|a| + mg sinf) - h/L =0

b-mgcosf —mgh sinf

L
= The mass of the biker cancels out

= m|a|

b-cosf — h-sinf
L

= lal/g



Exercise 1 : Weight transfer

= Finally, one can compute the deceleration rate at which the biker
passes of the handlebar

b-cosf — h-sinf

7 = la|/g
h=0.90 m
b= 0.625 m
c=0.375 m
0.625 - cos 10° — 0.9 - sin 10°
cos e —al/g = 0.4592

0.625 + 0.375
a| = 0.4592 g = 4.5 m /s>



Exercise 2 : Shell Eco Marathon

= Let’s consider the Shell Eco Marathon prototype of University of Liege.

= We do some experiment to determine the horizontal and vertical
position of the center of gravity of the vehicle.

= Q1/ Calculate the position of the center of gravity of the Ulg Eco
Marathon prototype

= Q2/ Calculate the maximum slope assuming infinite engine power.



Exercise 2 : Shell Eco Marathon

= Vehicle data

= Wheelbase
L=15Tm

= Adherence coefficient with the ground
pu=10.9

= Experiment: weight measurement
= On level road (6=0%)

my =064 kg my=236.2kg

= With a slope (6=5.25%)

my=63kg my=372kg
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Exercise 2 : Shell Eco Marathon

= Equilibrium equations

ZF“' = Ma,
ZFZ =0
) M, (CG) =0

= [t comes
ma,; = ZFm - ZR;CZ- —mgsin(0) — Fagro

0 = mg cos(§) — Wy — W,

0=Wrb=Woc+ Y Fuh—) Ruih+ Fapro (ha—h)

11



Exercise 2 : Shell Eco Marathon

= Solving for the reaction forces under front and rear axles

h h h
Wy =mg COS(Q)% —Mag 7 = Farro TA — myg sin(f) —

b h h h
W, = mg cos(@)f + may T + FAEROTA +mg sin(@)f

L
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Exercise 2.1 : Shell Eco Marathon

= In case of static conditions

C
We=mg—
f=m97
: e
W, =mg— % /Wrﬁ e ]Wr
L c r . J
L
= One can determine the CG position
C WfL b WTL
W = — = = — WT‘ = — b =
f=mIT = e mg mgL ~ mg
= It comes
m =my +m, = 64.0 + 36.2 = 100.2 kg
64 % 1.57 36.2 % 1.57
c= = 1.003 m b= 1003 = 0.567 m

100.2
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i Exercise 2.1 : Shell Eco Marathon

= If we create a slope 6:
c h

Wi =mg COS(H)Z —mg sin(@)L = Py cos(6)
b , h
W, =mg cos(é’)z + myg sm(@)f = P, cos(0)
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Exercise 2.1 : Shell Eco Marathon

= If we create a slope 6:

Wi =mg COS(Q)% —mg sin(@)% = Py cos(6)

W, =mg COS(Q)% + mg sin(f))% = P, cos(0)

= One can identify the elevation of the center of gravity

(mg cos(8) £ — Wy)* L

h =
mg sin(0)

= In case of a slope of 5.25%
5.25

f = arctan(———) = 3.0053°

arctan( 100 )
b (100.2 % cos(3.0053) # 557 — 63 + cos(3.0053)) + 1.57
L 100.2 * sin(3.0053)

= 0.3024
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Exercise 2.1 : Shell Eco Marathon

= If we create a slope 6:

h
Wi =mg COS(B)% —mg sin(@)z = Py cos(6)

b h
W, =mg cos(é’)f + mg sin(@)z = P, cos(0)

= Alternative formula (see Lecture)

_— = t 9 p— — . °
7 P, + P, CO 6 = arctan( 100) 3.0053
= In case of a slope of 5.25%
: - 37.2—-63-1. 1
h _ 0.567 - 37 63 - 1.003  0.3027

L 100.2 sin 3.0003°

h =04757Tm
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Exercise 2.2 : Shell Eco Marathon

= Let's compute the maximum slope, if we assume that the power and
the tractive forces are very big.

= The nonslip condition under the live wheels writes
Fw!f S /‘LWf Fw,T S /—LWT
= For rear wheel propulsion:

b h
Fy = Frps = mgsin(0) + mgcos(0) f < u mg (COS(Q) 7 + sin(0) E)

b _
tan(@)gul’ f;f

= In the present case, we get

0.92:367 _ .0136

tan(f) < — 0.3024 () = 20.6436 °
1 —0.92:30 maz = 20.

1.57
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Exercise 3: Van & Trailer

= Compute the maximum slope that the van and its boat trailer can
climb without sliding if u=0.37?

AN

T 5 |

(| hs oA Q N1 O—
——>|f< ° >|<3>|< C >l
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Exercise 3: Van & Trailer

= Data of the van: = Data of trailer and its

= W, = 760 kg payload

« W, =573kg = W, =600 kg

=« Height of CoG h = 61 cm = F,,=125kg

= Height of hook h, = 35 = Height CoG of the boat
cm h,=27,5cm

= Horizontal position of the = Wheelbase of the trailer
hook d,=57,5 cm L.=275 cm

= Wheelbase L = 300 cm
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i Exercise 3: Van & Trailer

Free body diagram of the van + trailer
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Exercise 3: Van & Trailer

F:Ub:Fh:c

= Equilibrium of the van F,, = Ff/ N

ma, = Fpf+ Fpp — Frr — Wsint — F, =0

0

0 =mygcost + Fy, — Wy — W,

= Equilibrium with respect rear wheel

WCOSQC—WSiD@hl—WfL—th hQ—thdZO

|:> Wi = WCOSG— - V[/'SlntG’ﬁ — th% —th%

= Equilibrium with respect to front wheel

W, L—Wcos@b—Wsind hy — Fyp ho — Fj, (L+d) =0

b hy h L+d
m=> W, =W cosf— +W81119—+thL2+th z
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Exercise 3: Van & Trailer

= Equilibrium of the van Wy = mug

mCLm:Fhw—WbSiHQ—FRRt =0

0=WycosO — F,, — W,

‘Wt e + f = Lt
= Equilibrium with respect to the trailer wheel contact point

WycosO f — Wysin@ hs + Fyyp ho — Fyy Ly =0

th Lt = WbCOSQf— WbSiHQ h3 —|—Fh3j hg

h h
Fy, = Wy cost S Wy sin — + (W, sinf + Frp) —
Lt Lt Lt
hs — h h
—> FhZ:WbCOSQi—WbSiHQ ’ 2+fRRWt_2
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Exercise 3: Van & Trailer

= Equilibrium of the van
ma, — Fha: — WbSiHQ— FRRt =0
0=Wycosl — Fy, — W,

_ f . h3—ho ho Wi
_WbcosﬂL—t—Wbsmﬂ L +FRRtLt e+ f =L

= Equilibrium with respect to the trailer wheel contact point
W, = Wy cos — F},,

hs — h h
:WbCOSH—WbCOSGLit—I—WbSiHH SLt 2 — FRrR: Lj
hs — h h
=Wbcost9(1—i)—|—Wbsin9 3L Q—FRF%—2
¢

L,
(& . hg — hg h2
W, =W — 4+ W, sin6
_— W b 08 HLt T Wesing = Ly 23




Exercise 3: Van & Trailer

= FRONT WHEEL DRIVEN VAN: / \
= Non-slip condition of the van )
Fop < p Wy

= Tractive force
Fxf = FRR + WSIH(Q) + Fhm
Fha: —WbSiHB—FRRt =0

s It comes

me:FRR—I—WSiH(Q)—I—FRRt—I—WbSiHQ
= (W +W,) sinf + (Frr + Frrt)
= (W—I—Wb) sinf + frr (W+Wt) cos 0 Wy =~ W,
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Exercise 3: Van & Trailer

= Reaction under front wheels

Wi = Wcos@— — VVSlnﬁﬁ — th% th%

Fy, = Wysin0 + Frp;
f hs — ho ho
= W}, cos — — Wy sin b F
b I, b L. RRt 7 I,
= Let’s neglect the influence of the rolling resistance Fgg, Which is a
second order term. It comes

c . h . h

Wy =W cosf— — Wsmé’fl - Wbsmef
f . hs—ha d

_ H L _ -
(W}, cos I Wy, sin 6 I, ) 7
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Exercise 3: Van & Trailer

= Let's insert into the non-slip condition F,r < pu Wy

(W +Wp) sinf + frr (W + W) cosf

¢ . h . h
< u {WCOSQE — Wsmﬁfl - WbsmOfQ
Jd . hz3—had
Wy, cos 6 LI + Wy sin 6 I L}
= This yields
i hi ho hs — hgy d
9 e - — —
sin ((W+Wb)+uWL+;LWbL u Wy, I L)

c d
< cos? (#Wz - #WbLitz — frRrR(W + Wt))
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Exercise 3: Van & Trailer

W& — )Wy — frp(W + W)

T (W W) + pW L 4+ uWy B2 — i haha 4

If one denotes by ( the ratio of the mass of the trailer and of the

vehicle ¢ = Wb

CM———fRR(1+C)
o hs—hs d
1+u + ¢ [14 phe — g hazhe J
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Exercise 3: Van & Trailer

= Numerical application

Wy = 760 kg W, = 573 kg
W = W; + W, = 760 + 573 = 1333 kg
C Wf 760
W,=Sw — L2 — 3000 -—— =3000-0.57 = 1710
F= 1 ¢ W 1333 e

b 1% 573
W,=—=-W N S - Lo .0.43 = 12
7 b T 3000 333 3000 - 0.43 70 mm
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Exercise 3: Van & Trailer

= Numerical application

h=hy; =610 mm
d=dp =575 mm

575
= —— =0.1916
3000

d
L
ho = hy = 350 mm

hg = hCG,b = 875 mm

ha 350
L 3000

= (0.1167

h 610
— = ——=0,2033
L 3000 ’

d+L 575+ 3000

—1.1916
L 3000
hs —hs 875 — 350
= = 0.1909
L, 2750
ha _ 30 1973

L; 2750
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Exercise 3: Van & Trailer

Numerical application
Wi =600 kg Fy., =125 kg

my

Wy =Wy + Fip. = 600+ 125 =725 kg ¢ = = = {333

f ho S 2

F :W——|— W—EW— Ath:fRRW_
hz b I, JrRR Wi L, b L, "Ly -
e = ' 2750
W, — WbL— = 0.01 - 600 5750

t = 0,7636 kg

Fy,. 125 f
=L = 2750 - — = 474.1379 — =0.1724
f " W —or mm I 0.172

o= LVt _ 9750, 990 _ oors 8620 mm & = 0.8276

Wi 725 Ly 30



Exercise 3: Van & Trailer

= Numerical application: max slope if p=0.3 fpz=0
ni —Cui g = frr(l+0)

tangé h h hs—ho d
Ll 4 ¢ [14 plip — plazha d]

0.3-0.57 —0.5439 - 0.3 - 0.1724 - 0.1916

tanf <
1+0.3-0.2033 4+ 0.5439[1 4+ 0.3-0.1167 — 0.3 - 0.1909 - 0.1916]

tan6 < 0.102387

6 < 5.8442°
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Exercise 3: Van & Trailer

REAR WHEEL DRIVEN VAN
Non-slip condition of the RWD van

Fop < p Wy
Tractive force

Foo = (W 4+ W) sinf + frr(W + Wy) cos 6

Reaction force under the rear axle of the van

Wy =Wceosf- + Wsinf— + Fyy— + Fh.—
Fhm:WbSil’lg‘l'FRRt

hs — h h
th:Wbcosé)Lit—WbsiHQ 3Lt 2‘|'FRRtL_i
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Exercise 3: Van & Trailer

= Reaction force under the rear axle of the van if we neglect the rolling

resistance contribution
b hl h2

W, = Wcosé’z +Wsin6’f +Wbsin9f
hs —ho . d+ L
+(Wbcost9Lit—Wbsin9 3Lt 2) ;

= Nonslip condition writes

(W 4+ W) sin@ + frr (W + W;) cosf

b h . h
< u WCOSQE—{—WSII’lel—I—WbSIIleQ

fAtl o ghs—had+l

Wi 60
+ Wy cos L, L I, 7
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Exercise 3: Van & Trailer

= Nonslip condition writes

h h hs — hyd+ L
sin 0 ((W+Wb) W—l—qu >+ uW, 3L - z )
t

b fd+L
< W— 4 uW,
< cosf (,u L—I—/u L

— JrRre(W + Wt))

= Which gives

pW o+ uWy L — frr(W + W)
(W + W) — pWht — yWy, B2 4 W, ez thng

tanf <
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Exercise 3: Van & Trailer

tanfd <

= Finally, the nonslip condition writes

)uL—l'CVJ___fRR(l—I_C) W
L= pli 4 ¢ 1= gl o g Bt 241

tanf <

= Numerical application: max slope if u=0.3 fy;z=0

0.3-0.43 —0.5439-0.3-0.1724 - 1.1916
1—0.3-0.2033 + 0.5439 [1 — 0.3 - 0.1167 + 0.3 - 0.1909 - 1.1916]

tand < 0.10827
0 <6,1796°
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Exercise 3: Van & Trailer

= For ALL WHEEL DRIVE (AWD) van, we get

= Tractive forces (see FWD)
me + F, = (W + Wb) sin 6 + fRR(W + Wt) cos

= Reaction under front and rear axles

c h h d
Wf—WCOSQz—WSIDQ—l_th; thz
b hq h L+d
W, =W cos— —I—Wsm@——l—thf—Fth Z
b+ c L+d-—d

Wi+ W, =Wcost 7 + Fj,.

L
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Exercise 3: Van & Trailer

= The reaction force under the van axles
Wi+ W, =Wcost + Fj,

hs — h
th:Wbcosﬁi—Wbsinﬁ ’ 2
Ly t
= We get
o - f hy—hs
f—I—WT—Wcosé’JercosﬂL——Wbst 7
t ¢

= The non-slip conditions writes

(W +Wy) sinf + frr(W + W;) cos 6

hs — h
< u Wcosé’JercosgLi—WbsinQ & 2
t t
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Exercise 3: Van & Trailer

= The non-slip conditions writes
hs — ho

t

[(W—I—Wb)—l—qu ] sin 6

[;LW—I—,LLWb Li — frRr(W + Wt)] cos 6/
;

pW + pWy, +- f — fre(W + Wy)

tanf < =
W-{-Wb—f—qu 3 2

p+ MCL — frr(1+ Q)
L+ (1 + phaphe)
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Exercise 3: Van & Trailer

= Numerical application: max slope if p=0.3 fpz=0

pt ¢t — frr(14 )
L+ (L + pape)

: 3-0.5439 - 0.1724
tanf < 0.3 4 0.3-0.5439 - 0.17 _ 0.2083
1+ 0.5439(1 + 0.3 - 0.1909)

6 =11.7681°
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