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INTRODUCTION AND MOTIVATION



SIZING, SHAPE, TOPOLOGY OPTIMIZATION

o Jog, Haber and Bendsoe (1996) have
defined 3 types of structural
optimization problems:

al/ Sizing

I Cross section, thickness, Young
modulus...

b/ Shape

I Parameters of geometrical features:
Lengths, angles, control point
positionse

c/ Topology
T Presence or absence of holes,

I Connectivity of members and
joints... ©
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SHAPE REPRESENTATIONS



SHAPE DESCRIPTION

o One can distinguish different approaches to represent shapes:

o Lagrangian approach
I Parametric boundary description: Explicit description
o Define the boundaries using explicit parametric curves
o Boundaries define a contour
o Component domain is inside the contour

o Eulerian approach Implicit description
I Level Set Method
I Indicator function: Material description
I Define the domain on a fixed grid



GEOMETRICAL DESCRIPTION
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BOUNDARY DESCRIPTION

o Boundary description
I Decompose complex shapes into geometrical features

I Geometrical features can include parameters that can
adjusted

I For instance, plane cubic lines can be written as:

3 2 Fig.1
p(u) = azu” + asu” + aju + ag

o Where u is the parametric coordinate in [0,1], a ; [a,;, a/]
are the algebraic coefficients of the curve 9



BOUNDARY DESCRIPTION

I Similarly a cubic spatial parametric surface can be
represented as

3

p(u) = Z Qij u® v
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o Where u, v are the parametric coordinates and g; are the
algebraic coefficients of the surface.
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BOUNDARY DESCRIPTION

o Parametric curves or pieces of
surfaces can be linked together into

usual geometrical features with (P~ ) /N
predefined shapes such as circles, “&/f e \j
ellipses.

o One can create a library of usual
elements by interconnecting basic
parametric geometric entities and
defining the type of the geometric
feature.

o Many different parametric features
can then be combined to form a
complex component description

11



BOUNDARY DESCRIPTION

o Shape optimization can be formulated using parametric
geometric parameters defining its constituting shape
description.

o The design variables are thus the numerical values of the
geometric parameters.
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LAGRANGIAN APPROACH:
DOMAIN INDICATOR FUNCTION

o Several approaches to determine the

indicator function

o Material density function

I Binary

I Continuous approximation

Q
8
7
6
5
4
3
2
1

o Porous cellular material C
Homogenization 0

ol nterpol ation function:

o Implicit boundary description
I Level set description
o Hamilton-Jacobi function
o Parametric functions and math

7= (x,y,t=1 )\

programming
o Nodal values of Level Set
I Phase Field Description

Ve
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MATERIAL DISTRIBUTION FORMULATION

O

Abandon CAD model description
based on boundary description

Optimal topology is given by an
optimal material distribution problem

Search for the indicator function of
the domain occupied by the material

The physical properties write

The problem ivs intrinsically a binary
0-1 problem C solution is extremely
difficult to solve

X(x) =

1 ifx € Q™
0 ifx € Q\Qm

Eijri(x) = x(x) Ef?jkl
p(x) = x(x) p’

x €10,1}



LEVEL SET DESCRIPTION

0 LEVEL SET METHO[Sethian, 1999]

I Alternative description to parametric description of curves
I Implicit representation of the geometry A
i Add the dimensionality by one

o The parametric description of the curve
I'={(x,p) € D xR™:¢(x,p) =0}

o Is replaced an implicit description

o(x,p) >0, & xe€Q (material)
o(x,p) <0, & xec D\Q (void)
o(x,p) =0, & x €I (interface). 070

o There are many ways to define the level set corresponding to known shape. For
instance the signed distance function

d(x) = min fx —xp|, vxeD "



GEOMETRICAL DESCRIPTION USING LEVEL SETS

Level Set

o Advantages

2D and 3D
f entities (min, max)

Removing entities
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GEOMETRICAL DESCRIPTION USING LEVEL SETS

o Level Set of a square hole

o Combination of two holes

OOfelie Graph

Level Set

Iﬂ.“l

0.663
0.495

0.327

-0.00926

17
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GEOMETRICAL DESCRIPTION USING LEVEL SETS

o In XFEM framework: discretization of the level set,
I Each node has a Level Set dof
I Interpolation using classical shape functions

T(r,s) =Y Ni(x) T,
i=1

I Material assigned to a part of the Level Set (positive or
negative)

18



CONSTRUCTIVE GEOMETRY USING LEVEL SETS

o Constructive geometry approach
I Elaborate complex geometries using Level Sets:
o Primitive shapes with dimension parameters

OOfelje with Xfem

i] — @(X‘ 5) Lev:lslef

o Linear combinations of basic functions -
1 Ha.sﬂ
Uz, s)= Z Si Yi(x) - ;

i=1

I Library of graphic primitives and features
o Lines, circles, ellipses, rectangles, triangles
o NURBS

o Combine the basic levels sets using logic and Boolean

operations C constructive geometry 6



LEVEL SET BASED CONSTRUCTION SOLID GEOMETRY

o To represent complex geometries with Level Set

I Introduction of Constructive Solid Geometry (CSG)based on
Level Set [Chenetal. 2007]

I CSG = build complex geometries by combining simple solid
object called primitives using Boolean operators

C Devel opment of fdALevel Set g

o Geometrical primitives are represented with Level Set

(analytical, geometrical, CAD based, predefined compound Level
Sets)

o Use Boolean operators on Level Set primitives

' . Un’ Diﬁerence‘




LEVEL SET BASED CONSTRUCTION SOLID GEOMETRY

o Example of complex geometry with CSG Level Set

o Two cylinders
o One oblong hole

o One external oblong
surface

o 3 NURBS surfaces




GEOMETRICAL DESCRIPTION USING LEVEL SETS

o The Level Set geometry is organized as a tree

T Where :
o Each leaf is a basic level set
o Each node is an operator

I Each sub cell is classified after all cut as inside/outside or boundary

LsUnion

N

oS

LsPlane LsPlane LsCyl  LsCyl LsCyl LsSphere 22



SHAPE OPTIMIZATION USING
PARAMETRIC BOUNDARY DESCRIPTION



PARAMETRIC BOUNDARY DESCRIPTION

o Modification of external or inner
boundaries

o0 Key issue: definition of a
consistent parametric CAD model

I Geometrical constraints
(tangency, linking of points)

I Geometrical features: straight
lines, circles, NURBS, surfaces,
etc.

Zhang, Duysinx, Fleury (1993)

o0 Implementation issue: API to and
from CAD systems (CATIA, Pro E,
etc.)

A Design variables = a set of
iIndependent CAD model

parameters
24



a

a

A CAD MODEL WITH PARAMETERISATION

P & —

D1 D2

- > >

-€

Reqular curves and surfaces
I Straight lines, arcs of circles, splines, NURBS
I Planes, spherical, spline and NURBS surfaces

Model Parameterisation
Definition of the model with a set of independent parameters

25



SENSITIVITY ANALYSIS AND VELOCITY FIELD

o Position of a point after a perturbation
of the design variable d,

X(d; + dd;) = X(d;) + V; dd;
0X
od,;

o Derivative of a response in a given
point:

DR Z OR 90X,
0X, dd,

_ OR

-~ 9d,

o Conclusion determine tihe velocity fild
at first

+V,; VR

26



VELOCITY FIELD PROBLEM

o Key issue: Velocity field
o Practical calculation of
velocity field

i Boundary velocity field C
CAD model

i Innerfield C Velocity law

Duysinx, Zhang, Fleury (1993)

@AY,

§'AV

(1=

o Inner field:

Transfinite mapping
Natural / mechanical approach
Laplacian smoothing
Relocation schemes

27



VELOCITY FIELD DETERMINATION:
THE MESH RELOCATION TECHNIQUE

o On the boundaries:

The velocity field is uniquely determined by the parametric
equations of the contour curves and surfaces

U = ;Wi(s) d; Vi = [gi] = [W;(s)]

o0 Inside of domain
The velocity field is determined with a node relocation technique
Link the perturbations of neighbouring nodes with stiffness:

> Ky (Viley — Vilgy) =0
i#J
Advantages:
I low computation cost
I possible extension to volume structures

and shells




Example of velocity field determined by node
relocation

[ [ ]

— | T

Velocity field relative to a modification of the radius of the notch

29



Shape Optimisation of a Torque Arm

- |
R5

R3
R4

R1 C )

D1 D2

R2

R5

}
\
A
\J

42.

\J

o Statement of the design problem:
Minimise Weight
8 design parameters
s.t. Von Mises equivalent stress under 80000 N/mm?
Geometry constraints (thickness of members > 1 cm)

30



f Torgue Arm

lon O

t

ImiSa

Shape Opt

1 O A |

I T TIT1
I e

|

Iteration O

wAVAER
v A
A -_-_---

o W

A
~
s

A
avavaw,
-

ey
-~y
«

Iteration 12

31



Shape Optimisation of Torqgue Arm

VALEUR * T.E 3 VALEUR * 1.E 3
45.67 71.21
41,11 64.1
36.54 56.98
31.97 49.85
27.4 42.73
22.84 ut : KA 35.61

12 8 ||
! F me
18.27 ' , ) T 28,49

—113.7 —121.37

— 2.13 —14.24

— 4.57 — 712

— 0 — \D

lteration O Iteration 12

Von Mises stress : average values per finite element

32



Shape Optimisation of Torqgue Arm

VALEUR * 1.E 3

VALEUR * 1.E 3
63.57 s
57.22 77.16
50.86 68.50
44.5 60.02
38.]4 51.44
s e . : =
3]79 42.87
|
A 7 o, 34,29
25.43 4 e = oo T EH :
] ==25.72
—19.07
7.5
—112.71
— 857
—1 6.36
— @
— 0
lteration O Iteration 12

Von Mises stress at Gauss Points
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SHAPE OPTIMISATION AND F.E. ERROR
CONTROL

ad

Shape maodifications due to optimisation process can lead to important
mesh distortions

The optimisation results are strongly dependent on the quality of the
analysis (especially the stresses)

ONE AIWAYSOPFPIMISES PHEMODEDEL
To have relevant and meaningful results

CONTROLLTHEERRCROLEVEY OF DHE ANALNSISY SIS

Integration of an error estimation procedure and of a mesh adaptation
tool into the optimisation loop

34



Shape Optimisation of Torqgue Arm
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Shape Optimisation of Torqgue Arm

Weight (kg)
0.750 + & .
o o with error control
0.650 + 3
, . without error control
O
0.550 + \ \ 5
* \
\ .
0.450 A ‘\ \ o
A
0.350 . . { |
0 2 4 £ g

[teration

10
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BOSSQuattro

o These Concepts have been implemented in a commercialised tool
BOSS>Quattro developed by SAMTECH in partnership with LTAS (Ulg)

Optimisation of parametric models

Open system

A design environment for multi-model / multidisciplinary problems
Obiject oriented code

Optimisation algorithms

Application manager (more than a task manager)

Model manager (update, perturbations, etc.)

O O o o 0o o 0O

37



Boss Quattro philosophy

h2|




Boss Quattro generic engines

1 {Responses

Gradient Optimization
Genetic Algorithms Monte Carlo

Design of Experiments
Response Surfaces

Predictors (RBF¢é¢) Updating
(what if study)

Kx- Mx




Sensitivity analysis in Boss Quattro

o0 Sensitivity (derivative) of response
with respect to a design variable d

O Sensitivities are either:
I Computed by finite-differences

I Computed semi-analytically and read
from SAMCEF, NASTRAN Sol200,
NEUTRAL, Excell e

0 Finite Difference scheme: OK!

e

A

o Semi analytical properties: requires
a first order mesh perturbation law:
mesh relocation technique

o

'y e i
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CAD-FEM coupling in shape otpimization




Boss Quattro + Think3 package

Aesthetic Character of a product

(descrbed by Termsin natural language
"sporty”, "aggressive", "dynamic”...)

Mapping of
Aegthetic Charader on
ohjedtively descrbable Properties

Aesthetic Properties as carrier of
Aesthetic Character

simulation of reflection line flow

!

Elementary Aesthetic Properties

Refiection lines given as geometic curve
to calculae curvature, inflection lines, ...

42



Boss Quattro + Think3 package

Simulated reflection lines on the CAx model of a car's side panel.

The designer modifies the reflection line A to (target line) B
which will be parallel to line C.

43



SHAPE OPTIMIZATION USING PARAMETRIC
LEVEL SET DESCRIPTION

44



GENERALIZED SHAPE OPTIMIZATION WITH XFEM

o Topology optimization:
I Fixed grid approach
I Image like description

I Limited control over regularity of
geometry

o Shape optimization
I CAD approach

I Good control of geometrical
characteristics

I Complex machinery to handle mesh
modifications, distortion, etc.

o There is some room for another
approach!

C Level Set description

45



GENERALIZED SHAPE OPTIMIZATION WITH XFEM

o Topology optimization:

i Variable material density C
interpolation of material properties

I Large scaleoptimization problem

I Unclear image (grey material, no shape
boundaries, chattering boundaries)

o Shape optimization
T Smooth boundaries

I A small number of parameters is
necessary to describe the shape

o There is some room for another e e
approach! e

I Reduced work to transfer results to
detailed design models

C XFEM

46



GENERALIZED SHAPE OPTIMIZATION WITH XFEM

o LEVEL SET METHOD
I Alternative description to parametric description of curves
I Constructive geometry using parametric level sets

o EXTENDED FINITE ELEMENT METHOD (XFEM)
I Alternative to remeshing methods
I Alternative to homogenization: void is void!

o XFEM + LEVEL SET METHODS
I Efficient treatment of problem involving discontinuities and propagations

I Early applications in structural optimisation Belytschko et al. (2003), Wang
et al. (2003), Allaire et al. (2004)

T Problem formulation:
o Global and local constraints
o Limited number of design variables

47



EXTENDED FINITE ELEMENT METHOD

o Early motivation :

I Study of propagating crack in mechanical structures A avoid
the remeshing procedure (Moés ef a/ |IINME Vol 46).

i Allow discontinuities inside the element
I nonconforming the mesh
o Principle :

I Allow the model to handle discontinuities that are
nonconforming with the mesh

I Introduce additional shape functions :
o To model a discontinuous behavior inside the element

o To model a non polynomial response (Enrich the shape functions
space)

I Applications : cracks, holes, multi-material, multi-p has e s,

48



Geometrical description using Level Sets

o Principle of Level Set Description(Sethian & Osher, 1988):
i Eulerian representation
i The interface is represented implicitly
using a scalar function f(x)
i Interface = the zero level of f(x)

Level Set

o(x,r) > 0 if x € structure
o(x,7) = 0 if x & structure boundary
o(x,r) < 0 if x € void

o Level Set is used to represent the structural geometry
o Shape parameter 7 C Parametric Level Set

49



GEOMETRICAL DESCRIPTION USING LEVEL SETS

o Practical LS construction : a signed distance
function:

d(x,T) = sign(n - (x — xr)) mle% |x —xp|| VxeQ
XT

o0 In XFEM framework: discretization of the level

set,

n Each node has a Level Setdof
o Interpolation using classical shape functions

N
o(x,1) = Z bi(x,1)

o To obtain a Level Set, a first mesh is needed.
Mesh refinement can be necessary



GEOMETRICAL DESCRIPTION USING LEVEL SETS

Advantages :
o Same definition in 2D and 3D

o Combination of basic level setsis
possible (union, intersection) f0.

o Close to image processing

o Topological modifications are
naturally handled 10,

No modification of model definition i -
IS needed when topology change

o Example: Two overlapping circles

Cbl(il?,y,b,?") — \/($—b)2+y2 — 7
do(,y,b,1) = /(. +D)2 +y2 —7r




THE LEVEL SET METHOD

|
o Evolution of interface is ruled by the Hamilton Jacobi equation
[Allaire et al. 2003, Wang et al. 2003]

oY B Very difficult to
a TV Vel =0 use in practical
P(x,t) = 0 given Implementation!

I V: velocity function of Gin the outward normal direction to
Interface and is given by the sensitivity of the level set in
each point -




DESIGN VARIABLES WITH LEVEL SET DESCRIPTION

o0 In structural optimization, the design variables can be either:
I The nodal values of the Level Set Yi
I Parameters of the elementary graphical features of the level

set

p(x) =

(—cp) [

a

+‘(y—0y)

n
— 1.

Level set function

¢

More shape

Parametrization

o(x.f(s))

optimization

\ |

Geometrical features

clel

Nodal values

S

More topology
optimization

7~

53



DESIGN VARIABLES WITH LEVEL SET DESCRIPTION

0 Geometricshapes C ssthape optimi zationob
I Level set function is constructed using parametric CAD entities
I Geometrical parameters are used as design variables

I Complex geometry: build a global level set function applying
boolean operations :

¢ = max o;""*(x, si).

o Advantages / Drawbacks:
I (+) Simple and compact parametrization, manufacturable designs.

I (-) Limited freedom in the design. 54



DESIGN VARIABLES WITH LEVEL SET DESCRIPTION

o Nodal design variables: C 6o pol ogy optimi zati ono.
o A design variable is associated to each mesh node

C vyields local sensitivities slowing down the convergence.
o Use alinear filter by [Kreissland Maute (2012)]

—1

bi= S wy | Swis;  wiy=max(0,(r — x = x4)).
j j
o Filter does provide control over feature size but it does not guarantee

convergence with mesh refinement
o Perimeter penalization is also beneficial for smoothness of solution

o Advantages / Drawbacks:
I (+) More freedom in the design.

I (-) More design variables. -



LEVEL SET AND FINITE ELEMENTS

o Two main approaches to combine the Level Set description and
the finite elements.

o Two strategies to deal with the Finite Elements that are crossed
by the boundary

T Use XFEM GFEM etc. new finite elements that can deal with
nonconforming meshes

I Use Ersatz material approach, similar to material density

/
V

/ / /B, = B
/ | // p=uap’
Srem 4 SIMP:

= — 56




EXTENDED FINITE ELEMENT METHOD

A Bi material example :

7
Z ZEI | E2 TP
X L S
ux)=Nu +Nu «a K73
FEM Enric?ﬂment

A Discontinuous
fF=ajl yNJ -8 N

A Solve extended system

. eK,, K. & géef™
K@ 3 ¥ & u€e
e Mau aa Ue'la

57



XFEM for voidsolid structures

o X-FEM are used forMaterial T Void interfaces

No additional shape function C no additional DOF

The displacement discretization is multiplied by a Heaviside

function

(Sukumar et al. 2001)
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o The shape function has a zero value in the void
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XFEM Procedure

|
o Build the mesh for the domain o Detect element type

and build the Level Set i Green =FEM
I Red=void
A T Blue = X-FEM

o0 Cut the mesh o Create sub domain for
integration

AVAVAVA \WAVAVS




XFEM: Numerical Integration

o Take into account of discontinuous behavior of shape functions
(Bi material, void-s ol i d boundarye)

o Integrate over solid domain (no integration in void) or over
every material subdomains

I InFEM: L1 Ngp
- AT 17 _ ‘ T
K = //B HB|J|dndg = Z wepB(Egps1gp)” HB(Egp: Tgp) | Tgp| t
—1 -1 ap
I InX-FEM :

o Introduction of a cascade of two mappings
o Subdivision into triangles

K = f B'HBAV =Y Kn=)_ / BTHB|.Jy| | J2| dsdt
{250lid A A YA

Ny tA

N .
:"\\\ JZ ‘ 4 60
N

J“\'“
.



XFEM: Numerical Integration

o 2D stiffness matrix :

Ngp
Kn =Y wepB(sgp.tey) HB(sgp. tgp) | 1] | J2] €
ap

o 2D mass Matrix :

N

ar
Ma = ‘OZ WapN (Sgps tp) ' N(sgp,top) [T1] [ 2] €
gp

61



XFEM: Numerical Integration: 3D case

o Integration:
I 2D:

solid Boundary

T 3D element: Sub-division into tetrahedra

1 negative node 2 negative nodes 1 negative node
& 1 zero node 62



XFEM: loads

A FEM formulation of loads :

1

—

In practice: F = AN'dGxy) = ﬁfNT‘Jl‘qu)

G(x,y)
ACreationof line pressureelement\Nlth nodesl and2

Alntegration of shapefunctiononthe 3 curveasN,=0o0n3

L oL g eN,
Aif f =cst F=& ‘ ’
- 82 2 H N :gNz
EN,
= NGy = NG

A X-FEM formulation of loads = GOxh)

P;

In practice: = ffN"|3,J,/dX(s)
G(s
ACreationof integration schemewith points P, andP,

AGet gaussPointsin (s), transformit into (us) to evaluateN.

Alntegration of 15t degreeshapefunction of the triangle on the
curves 63

inii o¢ F=[a b ¢



XFEM: loads

o Validation of energy consistent loads in XFEM
EEEEEEEEERE

o
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DESIGN SENSITIVITY ANALYSIS

o0 Four Methods are available:
i Finite Difference: 1 analysis per variable C time consuming

I Automatic code differentiation = automatic generation of
function derivative in the computed code C code
maintenance problems, black box

I Semtranalytic approach: usual approach

I Analytic approach: best approach, most difficult
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SEMEANALYTIC METHOD

Standard approach for sensitivity analysis in industrial
codes

o Discretized equilibrium equation: Kqg=f
: : L K
o Generalized displacement derivative: Z— =K~ 1(81’ 88 q)
Z Z

o Structural matrices and load derivatives computed by finite

differences 0K  K(z+32) — K(2)
0z 0z
of _ fz+46z)— f(z)
0z 0z
o Compliance sensitivity: oC _ ch‘?Kq + 2qT8f
0z 0z 0z
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SEMFANALYTIC METHOD

o0 Because of fixed grid approach:
I Sensitivity is computed only on the element modified by the

perturbation
I The perturbation can introduce new DOFs C structural matrix

dimensions can change

%1 _ g1 PRy
0K [KG+o)| [K()
0z 0z
_ | Element present at step =z K (252
Z+t0Z
] Element present at step =z + 6= KJ?

o New DOFs at step z + 0z



SEMFANALYTIC METHOD

o Strategies to freeze the number of
dof

I What happens if perturbed level
sets comes into new FE?

I Ignore the new elements that
become solid or partly solid

o small errors, but minor
contributions

o practically, no problem

observed

o efficiency and simplicity
o validated on benchmarks




SEMEANALYTIC METHOD

o Ignore the new elements that introduce new DOFs because(van
Miegroet 2005) :

T Creation of DOFs does not often occur

I Creation of material is generally very limited compared to
the number of modified cut elements

I Practically, no problem observed on several test cases

3

o lllustration:
I Symmetric structure and loading
I Boundary represented with NURBS curves 2
I Design variables: control points Pl1x, P2y, P3y
I Fct = compliance 69



SEMFANALYTIC METHOD

o Ignore the new elements 3
o Point 1:
I In both cases, the sensitivity
is computed on 454 elements
I +dz sensitivity = -0.128
(2 elements created)
I -dz sensitivity = -0.128
(no element created)
o Point 2/3:

i In both cases, the sensitivity is
computed on 632 elements

I Point 3: +dz sensitivity = -37.497
(4 elements are created)

I Point 2: +dz sensitivity = -37.504

I Relative difference= 0.02%
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SEMFANALYTIC METHOD

Compliance sensitivity

Method r or Value Relative error (%)

FD 0.6 10~%  1677E-5 -

FD 06 —10% 1.620E-5 3.3%

SA 0.6 10~%  1.676E-5[ 0.025%

SA 0.6 —10""r 2.794E-6 [ 83% (16 new elements)

o With adr <Qthe perturbation introduces new DOFs

C A perturbation step going inward is safer but does not
guarantee correct sensitivity 71



Semtanalytic method T pathologic case

o Imagine that the parameter move: the circle to the right C
Impossible to prevent from creation of DOFs

o Strategies to circumvent DOFs creations:

I Added soft material in the void
domain (constant number of DOFs)
C Small modification of the initial problem

I Compute elementary sensitivity rather than model sensitivity
and adapt perturbation step

C Round off error may occur if perturbation step is small

I Analytical derivatives
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